Abstract. We introduce and study Hermite expansions and various integral transformations on the spaces S'( m p) and of tempered ultradistributions of Beurling and Roumieu type. In particular, we investigate the Wigner distribution and the Fourier, Bargmann and Laplace transforms.
Introduction
Beurling and Roumieu ultradistribution spaces £>'( M p)and P'{ m p>, defined in [3] and [31] for an arbitrary sequence (M p ) of positive numbers satisfying certain growth conditions, have been studied by many authors and various approaches have been used in the studies (see [3] , [31] , [4] , [23] , [10] , [26] ). The importance of the spaces of ultradistributions in the theory of partial differential equations was acknowledged by Bjork in [4] . The approach of Komatsu (see [23] ) was chosen in [25] and [30] for introducing and investigating the spaces and S'{ m P} of Beurling and Roumieu tempered ultradistributions. From the results of [25] , [24] as well as of the present paper it follows that the spaces of tempered ultradistributions and the integral transformations on them are natural generalizations of the space of Schwartz's tempered distributions and the corresponding integral transforms. In the special case, if the sequence (M p ) is of the form M p -p ap (p G No) with a > 1/2, the space S'( m p) coincides with the space considered in [28] , while the space of test functions for the space the well known Gel'fand-Shilov space (see [14] , [11] , [12] , [5] , [22] , [8] ). Important subspaces of tempered ultradistributions were investigated and various representation theorems for ultradistributions were obtained in [12] , [27] , [7] , [9] and [6] .
We shall introduce in this paper various integral transformations on the spaces S'^mP> and S'^M p W tempered ultradistributions of Beurling and Roumieu type. The Hermite expansions of generalized functions (see [1] , [2] , [33] ) can be regarded as a generalized integral transform in the sense of [33] , Chapt. IX. We give the Hermite expansions of elements of the basic spaces for the spaces of tempered ultradistributions as well as of their duals. This enables us to obtain, in a similar way as it was done in [29] , results about the Wigner distribution, the Fourier, Bargmann and Laplace transforms and the boundary value representation of elements of S'( Mp ) and S'{ Mp }(cf. [5] , [17] , [18] , [19] ).
For the sake of simplicity we give all definitions, theorems and proofs in the one-dimensional case, though the results can be generalized to the multi-dimensional case.
Bjork studied in [4] the spaces S^ of so-called w-tempered distributions and Grudzinski in [16] investigated the spaces of tempered Beurling distributions, being generalizations of the space of tempered distributions (see [3] ). We use in this paper a different approach to Beurling's theory of generalized distributions and consider, in general, different problems than ones considered in [4] and [16] with the exception of the problem of characterizing the spaces by the Fourier transform.
Janssen and van Eijndhoven ( [19] ) studied the Gel'fand-Shilov inductive limit type spaces W$ (see [15] ), where M x is the Young conjugate of a suitable function M. They characterized them by the Fourier transform, the Wigner distribution, the Bargmann transform and by expansions into the Hermite series. In the special case where M(x) = ax 1 / 0 , x > 0 for 1/2 < a < 1 and M p -p a P, p e N 0 , both the spaces and S^ coincide with the Gel'fand-Shilov space
In the general case, however, the spaces W^* and S* are different. In the case of the space W^*, the function M tends to infinity faster than x and slower than x 2 , and for S* the role of M plays the function associated to the sequence (M p ), which is increasing and tends to infinity slower than x. For example, if M p = p\ a with a > 1 for p € No, then M(x) ~ Cx x ! a and Young's conjugate for such a function does not exist at all. Using a different method than Janssen and van Eijndhoven's, we prove that the theorems analogous to their results are also true for the spaces S* (* stands for (M p ) or {M p }) which are investigated in the paper.
The paper is organized as follows. In section 2 we recall the basic notions of L 2 theory and the definitions of test function spaces. In section 3 we state some structural theorems (Theorems 3.1 -3.4). Theorem 3.2 is the main assertion of the paper and a tool for proving other results of this and the next section. The proof of Theorem 3.2 is given in [21] and, since it is long and complicated, will be published in a separate paper. In section 4, we characterize spaces of test functions by the Fourier and Laplace transforms.
In [20] , we shall study the Hilbert transform and, more generally, singular integral operators on the spaces of tempered ultradistributions of Beurling and Roumieu type.
Notation
The sets of non-negative integers, positive integers, real, complex and complex numbers with positive imaginary parts are denoted by No, N, R, C and C+, respectively.
The letter C (without super-or subscript) denotes a positive constant, not necessarily the same at every occurrence. We denote by 7Z a family of positive sequences which increase to infinity. This set is partially ordered and directed by the relation rp ^ sp, which means that there exists po such that rp < sp for every p > poSince we shall often use products of functions and power factors, it will be convenient to have the following notation for these factors: 
R For the properties of the Wigner distribution and the Bargmann transform we refer to [5] , [17] and [18] . By (Mp), we denote a given sequence of positive numbers and put mp := Mp/Mp_i for p 6 N.
The following conditions are frequently imposed on this sequence (cf. [3] and [23] ):
for some constants >1 > 0, ii > 0. Throughout the paper we assume conditions (M.l), (M.3') and, for convenience, Mo = 1. The letter H will always denote the constant mentioned in (M. 2 1 ) or (M.2). The so-called associated functions for the sequence (M p ) are We say that a formal series = ^a eNo ^ £ R, is an ultrapolynomial of the class (M p ) (resp. {M p }) whenever the coefficients a a satisfy the estimation |a a | < CL a M a , a £ No, for some L > 0 and C (resp. for every L > 0 and some C). The corresponding operator
defines an ultradifferential operator of the class (M p ) (resp. {M p }). Let us stress once again that the symbol * is the common notation for the symbols (M p ) and {M p }. We say that function / is is of ultrapolynomial growth of the class * if there is an ultrapolynomial P of the class * such that
Let us recall the definition of Beurling and Roumieu spaces of ultradifferentiable functions (see [23] ). If K is a compact subset of R, h > 0 and (p is C°°-function we let The notation K CC R means that K is compact and grows up to R. For properties of the space V'* = Z>'*(R), the definition and properties of £'* = £'*(R) we refer to [23] .
As in [27] and [29] , we define, for s € [1, oo] ,
where is the space of smooth functions tp such that (2) Recall that a locally convex topological vector space is an (F-S)-space (resp. an (LS)-space) if it is a projective limit (resp. inductive limit) of a countable, compact specter of spaces. If the mentioned specter is also nuclear the space is an (FN)-space (resp. an (LN)-space) -for more details see [13] .
Let us remark that the basic spaces and ultrapolynomials are defined Notice that under the condition (M.2) the above defined multi-indexed sequence (M a ) and the sequence (M ai+ ... +Qd ) define the same spaces of ultradistributions and ultrapolynomials (see [26] ).
The Wigner distribution and the Bargman transform are investigated in [5] , [17] and [18] only in the one-dimensional case. However, their ¿-dimensional analogues may be simply examined.
Structural theorems
Let us start from the definitions of the spaces and and various families of norms in these spaces. In the sequel we will need the following two theorems. The proof of the first one is given in [30] . The proof of the second one is given in [21] and will be published in a forthcoming paper. = S a n S a (see [22] ; see also [11] ).
THEOREM 3.2. The following equivalence relations between the families of norms defined above hold true: 1. The families Eoo and E'^ (resp. ¿oo and S'^) of norms in the space (resp. SM.}) are equivalent; 2. If condition (M.2') holds, then for every r € [l,oo] the families S r , S' r and T (resp. E r , E' r and T) of norms in
It was observed in [25] that S^ and are (F-S)-spaces, while ¿ji-Mp} and are (LS)-spaces. Moreover, if (M.2') is satisfied, we have the following embeddings: a) V* S* ^ £*, b) S* ^ S, c) £'* ^ S'* ^ V* and d) S' <-> S'*, where the symbol A <-> B means that the inclusion mapping of the space A into the space B is continuous and that A is dense in B (see [25] ). The following theorem, proved in [25] (Part 1) and in [30] (Part 2) gives a characterization of Hermite expansions of tempered ultradistributions: 
If conditions (M.2) and (M.3) are satisfied, then f G S'* if and only if f is of the form f = P(D)F, where P is an ultradifferentiable operator of the class * and F is a continuous function on

Integral transforms
Suppose that conditions (M.l), (M.2) and (M.3') are fulfilled. The Fourier transform is an isomorphism of S* onto itself. In the next theorem we give the characterizations which are similar to the ones given in [19] . As usual, we define the Fourier transform of / G S'* by (see [25] ).
Assume An example of a function satisfying the above conditions is Q = / * UI, where u is a function with the properties: u> G V*, = 1, supp u> C [-e/2, e/2] (for the existence of such a function see [23] , Theorem 4.2). The function g defined above belongs to 5* (see [23] , Theorem 6.10) and, moreover, f(x) = 1 for x > -3e/2 and f(x) -0 for x < -3e/2. It is easy to see that the definition does not depend on the choice of Q.
As in the case of <S+ (see e.g. [32] ) we define the Laplace transform of g e <s;* by (jCg)(0 = T(g exp(-y -)){x), C = x + iy G C+.
Clearly, if y > 0 is fixed, the right hand side is an element of S'*.
where u is as above. The function G is holomorphic on C+ and does not depend on u. The next two theorems, that we give here for the sake of completness, were proved in [29] in the one-dimensional case for the spaces of BeurlingGevrey tempered ultradistributions Y>' a = S^p°' P ' > with a > 1/2, supported by [0, oo). The proofs in the general case are analogous.
(resp. g G Sand let G be defined by (4) . Applying the above theorem one can represent tempered ultradistributions, similarly as it was done in [29] in a particular case (i.e. for elements of iS'^f^with the sequence (Mp) given by Mp = p ap for p G N) as boundary values of appropriate harmonic functions in the upper half-plane, expanded into series of Hermite functions of the second type.
Let b > 0 (resp. (bp) 6 TV) be given and let Pf, (resp. P(bp)) be an entire function such that, for some constants L > 0 and C, we have for £ = x + iy € C such that \x\ > |y|. This means that also (6) is fulfilled by the function P(bp) • A similar reasoning can be made in the Beurling case for the function P(,. REMARK 4.1. The proofs of the theorems of this section also hold in the d-dimensional case. Moreover, they can be written down in the same way if we use the conventions mentioned at the end of the previous section.
